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The polarisation of sunlight after scattering off the atmosphere was first described by Chan-
drasekhar using a geometrical description of Rayleigh interactions. Kosowsky later extended Chan-
drasekhar’s formalism by using Quantum Field Theory (QFT) to describe the polarisation of the
Cosmological Microwave Background radiation. Here we focus on a case that is rarely discussed in
the literature, namely the polarisation of high energy radiation after scattering off particles. After
demonstrating why the geometrical and low energy QFT approaches fail in this case, we establish
the transport formalism that allows to describe the change of polarisation of high energy photons
when they propagate through space or the atmosphere. We primarily focus on Compton interactions
but our approach is general enough to describe e.g. the scattering of high energy photons off new
particles or through new interactions. Finally we determine the conditions for a circularly polarised
γ–ray signal to keep the same level of circular polarisation as it propagates through its environment.
I. INTRODUCTION
The polarisation of light is a cornerstone of modern astrophysics. Observations of both linear and circular polar-
isation have been used to understand the nature of astrophysical sources emitting electromagnetic radiation [1–3].
The associated formalism was first introduced by Chandrasekhar, who described the polarisation of starlight after
scattering off dust particles in the atmosphere using modified Stokes parameters, namely (Il, Ir, U, V ) [4]. In the
conventional formalism of the Stokes parameters, the I–parameter measures the intensity of the polarisation signal,
the Q– and U–parameters provide information regarding the linear polarisation of that signal and the V –parameter
indicates whether the observed light is circularly polarised.
Chandrasekhar did not possess a Quantum Field Theory (QFT) description of particle interactions at the time
so he used a geometrical description of the Rayleigh interactions to describe the radiative transfer of the visible
light through the atmosphere. To perform his calculations, he introduced modified Stokes parameters, referred to
as (Il, Ir, U, V ) where Il, Ir stand for the decomposition of the intensity along the two main axes of the polarisation
plane. His results for the radiative transfer are encapsulated in the so-called P–matrix which describes the change
in polarisation (and Stokes parameters) after scattering. In 1994 Kosowsky extended Chandrasekhar’s formalism and
described the polarisation of the Cosmological Microwave Background (CMB), i.e. mm radiation, as it propagates
in an expanding (inhomogeneous) Universe using a QFT approach (see Ref. [5]). Due to the nature of Rayleigh and
Thomson scattering interactions, both Chandrasekhar and Kosowsky concluded that the V –parameter was secluded.
In other words, a low energy (Eγ < me) circular polarisation signal cannot generate a linearly polarised component
nor can it be produced by the scattering of a linear polarisation signal off cosmic material. Yet the intensity of a
circularly polarised signal can change as the light scatters off ambient material. This change can be understood as
follows. Photons have two helicity states. Each of them are associated with one circular polarisation state (refer to as
left–handed and right–handed in the following); if one helicity state dominates over the other one, the observed light
will be circularly polarised and the measured V –parameter will be non-zero. We refer to this case as a net circular
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2polarisation. If however the number of photons with ± helicity state is the same, there is no net circular polarisation
and the V –parameter is essentially zero. The photon interactions which change the number of photon polarisation
states can thus change the fraction of net circular polarisation. They can also change the properties of the linearly
polarised light. The recent upper limits on CMB circular polarisation can be found in ref. [54].
The aim of this paper is to describe how the polarisation of high energy (
√
s ≥ me) electromagnetic signals changes
as they propagate through space or in the atmosphere. Electromagnetic interactions at high energy (
√
s > me)
are described by the Compton scattering cross section in the high energy regime (which is different from the Klein-
Nishima regime) and critically includes helicity-flip processes such as e−RγL → e−LγR. In this regime, the (classical)
radiative transfer approach is no longer appropriate since it assumes that the scattering only changes the direction
of the outgoing photons and ignores significant transfer of energy or flip of the helicity configuration of the particles
involved. The QFT approach that Kosowsky developed is more suited to describe the nature of the interactions,
(though the Physics of interactions at high energy is different from that at low energy) but the propagation of high
energy photons in space does not require to take into account the evolution of the Universe and is therefore different
from the polarisation of the CMB in an expanding Universe.
The correct formalism thus has to be a mixed of the two; I.e., one needs to embed the QFT formulation in a
radiative transfer framework. Here we develop such a formalism and show how to recast Chandrasekhar’s low energy
P–matrix in terms of the (QFT) scattering matrix amplitude elements, thus addressing an important gap in the
literature. Our formalism is general enough to be applied in a different context, including for example to describe the
evolution of the Stokes parameters after the light scatters off generic new particles.
The paper is organised as follows. In Section II, we present the classical radiative transfer formalism; we define the
Stokes parameters and how they change after scattering. In Section III, we present the Quantum formalism and the
relation between the Stokes parameters before and after scattering with the scattering amplitude. We show that it is
consistent with the radiative transfer in the low energy limit in Appendix A. We generalise the latter in presence of
generic interactions in Section IV before discussing the special case of (high energy) Compton interactions. We focus
on circular polarisation in Section V. This discussion is particularly relevant since circularly polarised γ-ray signals
could reveal the nature of the particles in cosmic accelerators [6]. Finally we provide the transport equations of the
Stokes parameters in space (or the atmosphere) in Section VI. We conclude in Section VII.
II. CLASSICAL FORMALISM
In this section we review the radiative transfer formalism introduced by Chandrasekhar to determine the polarisation
of the visible light after Rayleigh scattering.
A. Electric field definitions and basis
The electric field ~E can be expressed as the linear combination of two perpendicular polarisation vectors ~l and ~r,
~E(x, t) = (Er ~r + El ~l)e
i(wt−k·x) , (1)
where Er = areiδr and El = aleiδl with al,r being real and δl,r being the phases of El,r, respectively. From this
definition, it follows that the two (orthogonal) vectors ~l and ~r, which define the polarisation plane (see Fig. 1), can
be written as [7]
~l(k) =
1
k0kT
(kxkz, kykz,−k2T ) ,
~r(k) =
1
kT
(−ky, kx, 0) , (2)
where k refers to the 3-momentum of the propagating light k = (kx, ky, kz) and kT =
√
k2x + k
2
y. When the two phases
are the same δl = δr = δ, the electric field is linearly polarised, i.e., it oscillates in a plane, and can be expressed as
~E(x, t) = (ar ~r + al ~l ) e
iδei(wt−k·x) . (3)
When the two phases differ by δl−δr = ±pi/2 and the amplitudes are the same (ar = al = a), the electric field rotates
around the propagation direction and the light is circularly polarised. The electric field then reads
~E(x, t) = (~r ± i~l) a eiδrei(wt−k·x) . (4)
3For convenience, we will define another set of perpendicular vectors ~± as a linear combination of ~l,r, which can be
written as
~±(k) =
1√
2
(∓~l − i~r) , (5)
where ~+ and ~− describe photons with positive and negative helicity along the propagating direction respectively.
The electric field in this ± basis, reads as
~E(x, t) = (E+~+ + E−~−) ei(wt−k·x) , (6)
where E± are given by
E+ =− al e
iδl − iar eiδr√
2
,
E− =
al e
iδl + iar e
iδr
√
2
. (7)
Without loss of generality, one can always re-parametrise E± as E± = a±eiδ± with a± being absolute values in the ±
basis and δ± the associated phases respectively. While both the linearly and circularly polarised light can be described
using ~l,r and ~±, it is worth noticing that the (l, r) basis (i.e. ~l,r) is more convenient to describe the linearly polarised
light while the ± basis (corresponding to ~±) is more appropriate to describe circularly polarised light. We will use
both in the following, depending on whether the emphasis is on circular or linear polarisation.
B. Stokes parameters
One can describe the polarisation of light using four Stokes parameters I, Q, U , and V , where I represents the
intensity, Q and U give some information about the linear polarisation properties and V provides some information
regarding the net circular polarisation of the signal. In the (l, r) basis, the Stokes parameters are defined by
I = |~l · ~E|2 + |~r · ~E|2 = a2l + a2r ,
Q = |~l · ~E|2 − |~r · ~E|2 = a2l − a2r ,
U = 2 Re[(~r · ~E)∗ × (~l · ~E)] = 2 ar al cos(δr − δl) ,
V = −2 Im[(~r · ~E)∗ × (~l · ~E)] = 2 ar al sin(δr − δl) , (8)
while in the ± basis (defined by Eq. (5)), the Stokes parameters read as
I = |~+ · ~E|2 + |~− · ~E|2 = a2+ + a2− ,
Q = −2 Re[(~+ · ~E)∗ × (~− · ~E)] = −2 a+ a− cos(δ+ − δ−) ,
U = 2 Im[(~+ · ~E)∗ × (~− · ~E)] = 2 a+ a− sin(δ+ − δ−) ,
V = |~+ · ~E|2 − |~− · ~E|2 = a2+ − a2− . (9)
This last equality indicates that there is no net circular polarisation (V = 0) when the number of polarisation states
are the same (a2+ = a2−).
C. R–matrix and P–matrix and the modified (Il, Ir, U, V ) Stokes parameters at low energy
Chandrasekhar was able to predict the polarisation of sunlight after scattering off dust particles [4] by using a
geometrical description of the scattering and by introducing a modified set of Stokes parameters, referred to as
(Il, Ir, U, V ), where Il, Ir are the intensity components (I = Il + Ir) of the signal in the scattering plane, which is
defined by the l,r vectors shown in Fig. 1. These vectors are themselves defined with respect to the (||,⊥) vectors
that define the polarisation plane. With these conventions in mind, one can also define Q = Il − Ir, with Ir = a2r
and Il = a2l . The reason why Chandrasekhar could describe the radiative transfer using such a geometrical approach
instead of Quantum Field Theory is that at low energy, the energy of the outgoing particles is similar to that of the
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FIG. 1: Illustration of the scattering plane formed by the incoming and outgoing photon directions. Before the scattering, the
r and l vectors that define the polarisation plane are parallel and perpendicular to the scattering plane, so we denote them
by (1)⊥ and 
(1)
|| respectively. After the scattering, the polarisation plane (defined by 
(2)
⊥ and 
(2)
|| ) forms an angle θ with respect
to the initial polarisation plane.
incoming particles. In other words the scattering changes the direction of the outgoing particles but has a negligible
effect on the energy of the scattered particles. Hence it is possible to express the radiative transfer in 2D using the
one angle between the incident and outgoing photons (see Fig. 1). This makes the relation between the outgoing and
incoming (modified) Stokes parameters extremely simple. In 3D, the same geometrical approach requires 4 angles.
It is thus somewhat easier to first describe the scattering in 2D and then embed the result in 3D. The description of
the radiative transfer in 2D is encapsulated in the so-called R–matrix while the 3D description is encapsulated in the
P–matrix, which can be summarised as
IlIrU
V

(2)
= R
IlIrU
V

(1)
, (10)
where the superscript (1) and (2) denote the parameters before and after scattering respectively. Since at low energy
and in the scattering plane the photons are scattered with an angle θ in the l direction (see Fig. 1), one can deduce
that I(2)l = cos
2 θ I
(1)
l and I
(2)
r = I
(1)
r . Therefore the R–matrix for Thomson scattering reads as
RChandrasekhar =
cos
2 θ 0 0 0
0 1 0 0
0 0 cos θ 0
0 0 0 cos θ
 . (11)
The P–matrix is then readily obtained by first rotating the plane defined by the incoming polarisation vectors by
an angle −Φ1 and then rotating the outgoing direction by pi − Φ2, as shown in Fig. 2b. This leads to the following
relationship between the P– and the R–matrices [4]
PChandrasekhar = L(pi − Φ2) RChandrasekhar L(−Φ1) , (12)
where, L(Φ) is defined as
L =

cos2 Φ sin2 Φ − 12 sin 2Φ 0
sin2 Φ cos2 Φ 12 sin 2Φ 0
sin 2Φ − sin 2Φ cos 2Φ 0
0 0 0 1
 (13)
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FIG. 2: In panel (a), we show the scattering plane in an absolute referential frame. The latter is defined by the scattering of an
incoming photon off a particle located in O (see green vectors). One can associate a polarisation state for each incoming and
outgoing particle, i.e., ((1)l , 
(1)
r ) and ((2)l , 
(2)
r ), noticing that l must be parallel (and r perpendicular) to the plane formed
by the z–axis and the corresponding photon direction. In this figure, Φ1,2 are the angles between the (1,2)l vectors,and the
scattering plane respectively. In panel (b) we define, using the green colour, the parallel and perpendicular directions to the
scattering plane as (1,2)||,⊥ . We show the two rotations that are needed to obtain the P–matrix, namely L(−Φ1) to rotate the

(1)
l,r to the 
(1)
||,⊥ basis and L(pi − Φ2) to rotate the (2)||,⊥ to (2)l,r .
and leads to the relation displayed in Appendix A 2 for the P–matrix, which eventually (after relating the angles Φ1,2
and θ to the angles that define the most generic frame i.e., the fixed frame, see Appendix B, namely φ1,2 and θ1,2, see
Fig. 2) leads to
PChandrasekhar =
 P11 µ
2
2 s
2
12 P13 0
µ21 s
2
12 c12 (µ1 c12 s12) 0
P31 −2(µ2 c12 s12) P33 0
0 0 0 P44
 (14)
with
P11 =
(
µ1 µ2 c12 +
√
1− µ21
√
1− µ22
)2
,
P13 =
1
2 µ
2
2 µ1 sin 2(θ2 − θ1) + µ2
√
1− µ21
√
1− µ22 s12,
P31 = − 12 µ2 µ21 sin 2(θ2 − θ1)− µ2
√
1− µ21
√
1− µ22 s12,
P33 =
√
1− µ21
√
1− µ22 c12 + µ1 µ2 cos 2(θ2 − θ1),
P44 =
√
1− µ21
√
1− µ22 c12 + µ1 µ2 ,
(15)
6and s12 = sin(θ2 − θ1), c12 = cos(θ2 − θ1), µ1,2 = cosφ1,2.
We note that it is actually possible to get both R and P–matrices without using geometrical arguments. Instead,
one can use the definitions of the electric field in Eq. (1) and Stokes parameters in Eq. (8). This is demonstrated in
Appendix A1 where we substituted the polarisation vectors by their rest frame kinematics. This is important as this
means that one should be able to use the definitions of the square matrix amplitude for Thomson interactions which
is given in terms of the polarisation vectors and replace them by their kinematics to obtain the P–matrix. Indeed the
square matrix amplitude for Thomson interactions read as
|M|2 ∝
∑
λ=r,l
∑
β=r,l
|(1)λ · (2)β |2 (16)
where (1)l,r and 
(2)
l,r are the polarisation vectors associated with the l, r directions in the scattering plane.
Since this amplitude essentially conveys the information about the intensity of the signal, one can write it as the
following matrix:
[
Il
Ir
](2)
=
[
|(1)l · (2)l |2 |(1)l · (2)r |2
|(1)r · (2)l |2 |(1)r · (2)r |2
] [
Il
Ir
](1)
. (17)
which after substitution (assuming electrons at rest) reads as[
Il
Ir
](2)
=
[
cos θ2 0
0 1
] [
Il
Ir
](1)
. (18)
Summing over all the elements to get the total intensity I, we obtain
|M|2 ∝ 1 + cos2 θ , (19)
which is indeed the square matrix element for the Thomson (i.e. low energy) interactions. The same exercise in 3D
leads to the elements of the P–matrix as given by Chandrasekhar in [4] and eventually gives the following square
matrix element
|M|2Thomson ≡
3
4
[
1 + µ21 µ
2
2 + (1− µ21)(1− µ22) c12
+ 2µ1 µ2
√
(1− µ21)
√
(1− µ22) c12
]
. (20)
which again leads to the well-known expression of the Thomson cross section in the electron rest frame, namely
|M|2Thomson,rest ≡ 1 + cos2 φ2 . (21)
where φ2 is the angle between the outgoing photon direction and the initial electron (i.e., θ in the rest frame as
depicted in Fig. 1). There is therefore a strong connection between the P–matrix that Chandrasekhar obtained and
the square matrix amplitude that one can derive using QFT.
D. R–matrix and P–matrix and the (I,Q, U, V ) Stokes parameters at low energy
So far we have been using Chandrasekhar’s modified Stokes parameters (Il, Ir, U, V ). However it is possible to
define the equivalent of the R–matrix and P–matrix in terms of the (I,Q, U, V ) Stokes parameters. To avoid a
possible confusion, we will denote by R′ and P′ the equivalent R and P–matrices obtained using the (I,Q, U, V )
Stokes parameters. In other words,
 IQU
V

(2)
= R′ (or P′)
 IQU
V

(1)
, (22)
7depending on whether this relation is computed in the scattering plane (R′) or in 3D (P′). Using the definitions of
the Stokes parameters in the ± basis, see Eq. (9), we obtain
R′ =

3 + cos 2θ −2 sin2 θ 0 0
−2 sin2 θ 3 + cos 2θ 0 0
0 0 4 cos θ 0
0 0 0 4 cos θ
 (23)
and
P′ =
 P
′
11 P
′
12 P
′
13 0
P′21 P
′
22 P
′
23 0
P′31 P
′
32 P
′
33 0
0 0 0 P′44
 (24)
with
P′11 =
(
µ21µ
2
2 + 1
)
c212 + 2
√
1− µ21
√
1− µ22 µ1µ2c12 + (1− µ21)(1− µ22) + s212
(
µ21 + µ
2
2
)
,
P′12 =
(
µ21µ
2
2 − 1
)
c12 + 2
√
1− µ21
√
1− µ22 µ1µ2c12 + (1− µ21)(1− µ22) + s212(µ21 − µ22) ,
P′13 = − 2 s12
(√
1− µ21
√
1− µ22 µ2 + c12µ1
(
µ22 − 1
))
,
P′21 =
(
µ21µ
2
2 − 1
)
c12 + 2
√
1− µ21
√
1− µ22 µ1µ2c12 + (1− µ21)(1− µ22) + s212
(
µ22 − µ21
)
,
P′22 =
(
µ21µ
2
2 + 1
)
c12 + 2
√
1− µ21
√
1− µ22 µ1µ2c12 + (1− µ21)(1− µ22)− s212
(
µ21 + µ
2
2
)
,
P′23 = 2 s12(
√
1− µ21
√
1− µ22 µ1 + c12µ2
(
µ21 + 1
)
) ,
P′31 =− 2 s12
(√
1− µ21
√
1− µ22 µ1 + c12
(
µ21 − 1
)
µ2
)
,
P′32 =− 2 s12
(√
1− µ21
√
1− µ22 µ2 + c12
(
µ22 + 1
)
µ1
)
,
P′33 = 2
(√
1− µ21
√
1− µ22 c12 + µ1µ2 cos 2(θ2 − θ1)
)
,
P′44 = 2
(
c12
√
1− µ21
√
1− µ22 + µ1µ2
)
(25)
with s12 = sin(θ2 − θ1), c12 = cos(θ2 − θ1), µ1 = cosφ1 and µ2 = cosφ2. The transformation from the R′–matrix to
the P′–matrix is given in Appendix A 3.
III. QUANTUM FORMALISM
One can generalise the geometrical formalism proposed by Chandrasekhar and understand it in a more fundamental
way by using Quantum Field Theory (QFT). In the following, we show how to relate the Stokes parameters to the
scattering matrix amplitudeM associated with microscopic interactions.
A. Stokes operator
To describe the change in polarisation and relate the Stokes parameters before and after scattering using Quatum
principles, we first need to remind the reader of the definition of a photon quantum state. The latter reads as [8]
|γ(α)〉 = ar eiθr | (α)r 〉 + al eiθl | (α)l 〉 , (26)
8where |(α)r, l 〉 are the polarisation states and α = 1, 2 denotes the initial and final states, respectively. Let the operator
for the Stokes parameters be Sˆ = (Iˆ , Qˆ, Uˆ , Vˆ ), then the associated observables can be constructed using the relationship
S(α) ≡ 〈S(α)〉 = 〈γ(α) | Sˆ(α) | γ(α)〉 , (27)
with Sˆ(α) the Stokes operators for the initial or final state defined as
Sˆ(α) = W |(α)j 〉 〈(α)i | (28)
with i, j = r, l or ±. In the (l, r) basis, the Stokes operator takes the form
Iˆ
Qˆ
Uˆ
Vˆ

(α)
=
1 0 0 11 0 0 −10 1 1 0
0 −i i 0

︸ ︷︷ ︸
W
 |l〉〈l||r〉〈l||l〉〈r|
|r〉〈r|

(α)
, (29)
which leads to the definitions in Eq. (8). In the ± basis, the Stokes operators take the form
Iˆ
Qˆ
Uˆ
Vˆ

(α)
=
1 0 0 10 −1 −1 00 i −i 0
1 0 0 −1

︸ ︷︷ ︸
W
|+〉〈+||+〉〈−||−〉〈+|
|−〉〈−|

(α)
, (30)
leading to the definitions in Eq. (9).
B. Relation between the Stokes parameters and the scattering matrix amplitude
Now that we have defined the Stokes operators, we can relate them to scattering matrix amplitudes. In the
remainder of the paper we will focus on Compton interactions but we are keeping the formalism general enough so
that it can be applied to any light scattering process at any energy, that isM(X γi → X γi′) ≡ Mi′i, with X being
the particle the photon scatters off (e.g. an electron in the case of Thomson or Compton scatterings). The outgoing
polarisation state (|(2)i′ 〉) is related to the initial polarisation state (|(1)i 〉) by the matrix element Mi′i ≡ 〈(2)i′ |(1)i 〉
where i, i′ refers to the (l, r) or the ± basis, leading to
|(2)j′ 〉〈(2)i′ | = Mi′iM∗j′j |(1)j 〉〈(1)i | . (31)
Using Eq.(28) and Eq.(31), we then obtain
Sˆ(2) = W |(2)j′ 〉〈(2)i′ | = WMi′iM∗j′j | (1)j 〉〈(1)i | = WMi′iM∗j′jW−1 Sˆ(1), (32)
which we will write in the following as
Sˆ(2) = A′i′ij′j Sˆ(1) (33)
with i′ij′j indices that refer to the different polarisation of the photons in the initial and final states. We can now
express the A′i′ij′j matrix in the (l, r) basis, that is
Iˆ
Qˆ
Uˆ
Vˆ

(2)
= W
MllM
∗
ll MllM
∗
lr MlrM
∗
ll MlrM
∗
lr
MllM
∗
rl MllM
∗
rr MlrM
∗
rl MlrM
∗
rr
MrlM
∗
ll MrlM
∗
lr MrrM
∗
ll MrrM
∗
lr
MrlM
∗
rl MrlM
∗
rr MrrM
∗
rl MrrM
∗
rr
W−1
︸ ︷︷ ︸
A′

Iˆ
Qˆ
Uˆ
Vˆ

(1)
. (34)
or, in the ± basis,
Iˆ
Qˆ
Uˆ
Vˆ

(2)
= W
M++M
∗
++ M+−M
∗
++ M++M
∗
+− M+−M
∗
+−
M−+M∗++ M−−M
∗
++ M−+M
∗
+− M−−M
∗
+−
M++M
∗
−+ M+−M
∗
−+ M++M
∗
−− M+−M
∗
−−
M−+M∗−+ M−−M
∗
−+ M−+M
∗
−− M−−M
∗
−−
W−1
︸ ︷︷ ︸
A′

Iˆ
Qˆ
Uˆ
Vˆ

(1)
. (35)
91. A′-matrix definition in the ± basis
Replacing the W matrix by Eq. (30), we find that the A′–matrix takes the following form in the ± basis
Iˆ
Qˆ
Uˆ
Vˆ

(2)
=
A
′
11 A
′
12 A
′
13 A
′
14
A′21 A′22 A′23 A′24
A′31 A′32 A′33 A′34
A′41 A′42 A′43 A′44


Iˆ
Qˆ
Uˆ
Vˆ

(1)
, (36)
with
A′11 = 12
(|M++|2 + |M+−|2 + |M−+|2 + |M−−|2) A′31 = Im(M+−M∗−− +M++M∗−+)
A′12 =−Re
(
M−−M∗−+ +M+−M
∗
++
)
A′32 = Im
(
M−−M∗++ +M−+M
∗
+−
)
A′13 = Im
(
M−−M∗−+ +M+−M
∗
++
)
A′33 =Re
(
M++M
∗
−− −M+−M∗−+
)
A′14 = 12
(|M++|2 + |M−+|2 − |M+−|2 − |M−−|2) A′34 = Im(M++M∗−+ +M−−M∗+−)
A′21 =−Re
(
M++M
∗
−+ +M−−M
∗
+−
)
A′41 = 12
(|M++|2 + |M+−|2 − |M−+|2 − |M−−|2)
A′22 =Re
(
M−−M∗++ +M−+M
∗
+−
)
A′42 =Re
(
M−−M∗−+ −M+−M∗++
)
A′23 = Im
(
M++M
∗
−− +M−+M
∗
+−
)
A′43 = Im
(
M−+M∗−− +M+−M
∗
++
)
A′24 =Re
(
M−−M∗+− −M++M∗−+
)
A′44 = 12
(|M++|2 + |M−−|2 − |M+−|2 − |M−+|2)
(37)
2. A′-matrix definition in (l, r) basis
In the (l, r) basis, the A′–matrix reads as
A′11 = 12
(|Mll|2 + |Mlr|2 + |Mrl|2 + |Mrr|2) A′31 =Re(MllM∗rl +MlrM∗rr)
A′12 = 12
(|Mll|2 − |Mlr|2 + |Mrl|2 − |Mrr|2) A′32 =Re(MllM∗rl −MlrM∗rr)
A′13 =Re (MllM∗lr +MrlM
∗
rr) A
′
33 =Re (MllM∗rr −MlrM∗rl)
A′14 =−Im(MllM∗lr +MrlM∗rr) A′34 =−Im(MllM∗rr +MrlM∗lr)
A′21 = 12
(|Mll|2 + |Mlr|2 − |Mrl|2 − |Mrr|2) A′41 = Im(MllM∗rl +MlrM∗rr)
A′22 = 12
(|Mll|2 − |Mlr|2 − |Mrl|2 + |Mrr|2) A′42 = Im(MllM∗rl +MrrM∗lr)
A′23 =Re(MllM∗lr −MrlM∗rr) A′43 = Im(MllM∗rr +MlrM∗rl)
A′24 =−Im (MllM∗lr −MrlM∗rr) A′44 =Re(MrrM∗ll −MrlM∗lr) .
(38)
3. Relationship between the initial and final Chandrasekhar Stokes parameters
To compare our results with that of Chandrasekhar, one needs to perform the following transformation

Iˆl
Iˆr
Uˆ
Vˆ
 = C

Iˆ
Qˆ
Uˆ
Vˆ
 , with C =

1
2
1
2 0 0
1
2 − 12 0 0
0 0 1 0
0 0 0 1
 . (39)
This transformation is only valid in the (l, r) basis where we can decompose the intensity I in terms of Il and Ir.
Using this transformation, the change in the modified Stokes parameters after scattering reads as
Iˆl
Iˆr
Uˆ
Vˆ

(2)
= C A′ C−1︸ ︷︷ ︸
A

Iˆl
Iˆr
Uˆ
Vˆ

(1)
(40)
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with
A =

MllM
∗
ll MlrM
∗
lr
1
2 (MllM
∗
lr +MlrM
∗
ll)
1
2 i(MllM
∗
lr −MlrM∗ll)
MrlM
∗
rl MrrM
∗
rr
1
2 (MrlM
∗
rr +MrrM
∗
rl)
1
2 i(MrlM
∗
rr −MrrM∗rl)
MllM
∗
rl +MrlM
∗
ll MlrM
∗
ll +MrrM
∗
lr A33 A34−i(MllM∗rl −MrlM∗ll) −i(MlrM∗ll −MrrM∗lr) A43 A44
 (41)
and
A33 =
1
2
(MllM
∗
rr +MlrM
∗
rl +MrlM
∗
lr +MrrM
∗
ll) ,
A34 =
1
2
i(MllM
∗
rr −MlrM∗rl +MrlM∗lr −MrrM∗ll) ,
A43 =− 1
2
i(MllM
∗
rr +MlrM
∗
rl −MrlM∗lr −MrrM∗ll) ,
A44 =
1
2
(MllM
∗
rr −MlrM∗rl −MrlM∗lr +MrrM∗ll) . (42)
We note that, at low energy, the above expression can be used to derive both P and R–matrices, depending on the
choice of kinematics. Using the rest frame kinematics leads to the expression of the R–matrix while the fixed frame
kinematics (see Eq. (40)) leads to the P–matrix. Finally we have checked that these expressions are consistent with
Chandrasekhar’s definitions of the R and P matrices in the case of Thomson interactions in Appendix A 4.
IV. COMPTON INTERACTIONS
We are now equipped to determine the change in polarisation of γ-rays after they scatter off electrons, whatever
the energy regime (and in particular when the initial energy exceeds the electron mass, that is
√
s > me). Our
formalism is general enough to study dark photon scattering off electrons or photon scattering off Beyond Standard
Model particles. Unlike Thomson interactions which do not flip the spin of the electron, Compton interactions can
affect both the photon polarisation and the electron spin configuration due to the energies at play. As a result, we
expect the relation between the outgoing and incoming Stokes parameters to be much more complex than in the case
of Thomson interactions, and to depend on both the momentum and energy of the incoming particles.
We note that other works have attempted to describe the change in linear polarisation of high energy gamma-
rays after scattering. However there is a number of issues. For example, Ref. [49] uses Chandrasekhar’s geometrical
approach to describe the scattering of X-rays and gamma–rays but the geometrical approach does not capture the
complexity of Compton scattering interactions at high energy (in particular the presence of helicity-flip processes).
The Klein—Nishina formula has also been used in [50] to describe the linear polarisation of high energy gamma-rays
but it is only valid when the electrons are strictly at rest and thus does only apply in very specific circumstances.
Finally, other works have used the photon density matrix to described the process of polarisation transfer [51–53] but
have not folded in the information about the cross section which is critical at high energy (
√
s > me). The formalism
that we have developed thus aims to provide a consistent treatment of polarisation after scattering, whatever the
energy regime one is considering.
In the previous section, we have defined the R–matrix in the (l, r) basis and showed how to convert it in the ±
basis. Defining the R–matrix in the (l, r) basis was straightforward because at low energy, the scattering only induces
a change in the photon direction (i.e. I(2)l = cos
2 θ I
(1)
l and I
(2)
r = I
(1)
r ). However at high energies, the effect of the
scattering is much more complex and one needs to account for helicity-flip processes. This means that i) one needs
to use a QFT approach and ii) the R′–matrix in the ± basis gives more information about the physical process than
the R′–matrix in the (l, r) basis.
For clarity, we remind the reader of our notations:
• A′–matrix: This the most generic relation between the incoming and outgoing (I,Q, U, V ) parameters. It is
valid for any photon energy and scattering off any type of particle and can be computed using both the ± and
the (l, r) photon helicity states (see Eq. (35) and Eq. (34) respectively).
• A–matrix: Similarly, theA–matrix is the most generic relation between the incoming and scattered (Il, Ir, U, V )
parameters. Due to the definition of the modified Stokes parameters, the A-matrix is only expressed in terms
of the (l, r) photon polarisation states.
• R′–matrix and P′–matrix: These are the A′-matrices expressed in the rest-frame (scattering plane) and fixed
frame kinematics (3D plane) respectively.
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• R–matrix and P–matrix: These are the A-matrices expressed in the rest-frame (scattering plane) and fixed
frame kinematics (3D plane) respectively.
A. A′–matrix for Compton interactions
We can now determine how the Stokes parameters change after γ-rays scatter off electrons by inserting the Compton
scattering matrix elements in Eq. (33). Using the definitions Mi′i ≡ M(eαγi → eβγ′i) (where α, β = ± denote the
electron spin configurations) and
Mi′iM
∗
j′j ≡
1
2
∑
α,β=±
M(eαγi → eβγ′i)M∗(eαγj → eβγ′j) (43)
we find that the A′–matrix simplifies to
A′ =
A
′
11 A
′
12 0 0
A′21 A′22 0 0
0 0 A′33 0
0 0 0 A′44
 (44)
with
A′11 = 2
(
p1·k1
p1·k2 +
p1·k2
p1·k1
)
+ 4m2e
(
1
p1·k1 −
1
p1·k2
)
+ 2m4e
(
1
p1·k1 −
1
p1·k2
)2
,
A′12 = A′21 = 4m2e
(
1
p1·k1 −
1
p1·k2
)
+ 2m4e
(
1
p1·k1 −
1
p1·k2
)2
,
A′22 = 2 + 2
(
1 +m2e
(
1
p1·k1 −
1
p1·k2
))2
,
A′33 = 4 + 4m2e
(
1
p1·k1 −
1
p1·k2
)
,
A′44 = 2
(
p1·k1
p1·k2 +
p1·k2
p1·k1
)
+ 2m2e
(
p1·k1
p1·k2 +
p1·k2
p1·k1
)(
1
p1·k1 −
1
p1·k2
)
, (45)
where p1 is the 4–momentum of the incoming electron and k1, k2 are the 4–momentum of the incoming and outgoing
photons respectively.
B. R′ and P′–matrices for Compton interactions
We can now express the R′ and P′–matrices for Compton scattering by taking the appropriate kinematics. In the
rest frame of the electron, the R′-matrix reads as
R′ =
2
me

∆Eγ(1− cos θ) +me(1 + cos2 θ) −me sin2 θ 0 0
−me sin2 θ me(1 + cos2 θ) 0 0
0 0 2me cos θ 0
0 0 0 [2me + ∆Eγ(1− cos θ)] cos θ
 (46)
with ∆Eγ ≡ (Eγ,1 − Eγ,2), θ the angle between the incoming and outgoing photons. Here Eγ,1 and Eγ,2 are the
energies of the incoming and outgoing photons, respectively. The P′–matrix can be calculated using the fixed frame
kinematics and is also included in the Mathematica notebook submitted with this paper.
C. R and P –matrices for Compton interactions
Similarly we can find the R–matrix using the expression of the A–matrix in the (l, r) basis, that is
A =
A11 A12 0 0A21 A22 0 00 0 A33 0
0 0 0 A44
 (47)
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with
A11 = 4 +
2m2e (p1·k1 − p1·k2)
(
m2e (p1·k1 − p1·k2) − 2 p1·k1 p1·k2
)
(p1·k1)2(p1·k2)2 ,
A12 = A21 =
2m2e (p1·k1 − p1·k2)
(
m2e (p1·k1 − p1·k2) − 2 p1·k1 p1·k2
)
(p1·k1)2 (p1·k2)2 ,
A22 =
2
(
m4e (p1·k1 − p1·k2)2 + 2m2e p1·k1 p1·k2 (p1·k2 − p1·k1) + p1·k1 p1·k2
(
p1·k12 + p1·k22
))
(p1·k1)2(p1·k2)2 ,
A33 =
2
(
(p1·k1)2 + (p1·k2)2
) (
m2e (p1·k2 − p1·k1) + p1·k1 p1·k2
)
(p1·k1)2(p1·k2)2 ,
A44 = 4 + 4m
2
e
(
1
p1·k1 −
1
p1·k2
)
. (48)
The R–matrix then reads as 
Iˆl
Iˆr
Uˆ
Vˆ

(2)
=
R11 R12 0 0R21 R22 0 00 0 R33 0
0 0 0 R44


Iˆl
Iˆr
Uˆ
Vˆ

(1)
(49)
with
R11 =
1
2 (A11 +A12 +A21 +A22) R12 =
1
2 (A11 −A12 +A21 − A22)
R21 =
1
2 (A11 +A12 −A21 −A22) R33 = A33
R22 =
1
2 (A11 −A12 −A21 + A22) R44 = A44
(50)
which leads in the rest frame of the electron (see Appendix B)
R =
2
me

sin2 θ2 ∆Eγ + 2me cos
2 θ sin2 θ2 ∆Eγ 0 0
sin2 θ2 ∆Eγ sin
2 θ
2 ∆Eγ + 2me 0 0
0 0 2me cos θ 0
0 0 0 [2me + ∆Eγ (1− cos θ)] cos θ
 . (51)
The expression of the P-matrix for Compton scattering (3D, fixed frame) is too long to be given in this paper but
is provided in the Mathematica notebook accompanying this paper.
As one can see, the expression of the R-matrix now involves ∆Eγ and a less straightforward combination of the
scattering angle which is not just purely a geometrical factor.
D. Cross-check in the low energy limit
Using Eq. (51) (as well as the expression of the P–matrix) and taking the low energy limit (Eγ,1 ' Eγ,2  me),
we could verify that we recover the same R and P –matrices as in [4] (see Eq. (11)), thus confirming that using
a QFT approach and taking different kinematics is indeed an alternative to Chandrasekhar’s geometrical approach
for deriving the P –matrix. The novelty of this technique though is that it allows us to compute the relationship
between the Stokes (or modified Stokes) parameters – before and after scattering – whatever the incident photon
energy, interaction and type of scattering material (i.e. whether the particles belong to the Standard Model or to
some extensions).
V. CIRCULAR POLARISATION
Now that we have described how the polarisation of high energy photons could change after scattering, we can
focus on either linear or circular polarisation. Circular polarisation is given by the V parameters and, like observed
by Chandrasekhar for Rayleigh scattering, we note that in the rest frame, there is no transfer from linear to circular
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polarisation and vice versa even for high energy photons. Indeed under these conditions, A′44 (and therefore R′44)
is secluded. In other words, a net circular polarisation signal cannot be converted into a linear polarisation signal
and vice versa. This means that no circular polarisation signal can be created by the scattering of linearly polarised
light (i.e. V (2) 6= 0 requires that V (1) 6= 0) and implies that a change in circular polarisation can only occur if there
is a change in the number of photons with a given polarisation state. These results have also been checked using
a different approach to calculate the scattering amplitude based on its decomposition in terms of different photon
polarisations. We refer the reader to Appendix C for further details. Below is a list of possible mechanisms that may
give rise to a circular polarisation signal (i.e. V (1) 6= 0).
• Faraday Conversion
Circular polarisation can be generated by Faraday conversion of linear polarisation. This mechanism takes place
when linearly polarised photons pass through a strong magnetic field. A phase shift is generated in the photon
linear polarisation components, and eventually leads to a circular polarisation signal.
• Bi-refringence
Another way to produce circular polarisation signals is through birefringence, see [16] for details. Birefringence
occurs when a linear polarisation signal passes through a medium of aligned grains whose alignment twists along
the line of sight. When the amount of linear polarisation is high (as this could occur for example in reflection
nebulae), a high degree of circular polarisation could be produced [17].
• Synchrotron emission
Synchrotron emission can emit polarised light [23–32] and was proposed as a source of circular polarisation in
e.g. Ref [18] and then developed by Legg [19]. This mechanism continues to be studied, in particular in light
of the recent progress regarding strong magnetic fields as well as homogeneous and inhomogeneous magnetic
fields see Ref. [20–22]. We note in addition that a circular polarisation signal may be of intrinsic origin [33, 34]
(i.e., it could be generated in absence of Faraday conversion of linear polarisation in sites where there exists a
large-scale magnetic field).
• Parity-violating interactions and charge asymmetry
Circular polarisation could be produced in cosmic accelerators when Standard Model particles of the same
charge (for example proton-proton) collide with each other and produce an excess of positive (negative) mesons
and muons with respect to their negative (positive) counterparts [6], which eventually decay radiatively through
parity-violating interactions. Electroweak (loop-induced) interactions of photons with the cosmological neutrino
background could also create a circular polarisation signal [35], although the signal is expected to be very
small. A circular polarisation signal could also be generated by beyond the Standard Model interactions, see
for example [11, 14, 16, 36–42].
• 21 cm
Finally a circular polarisation signal is expected in conjunction with the 21 cm line [43]. The Hydrogen excitation
that generates the circular polarisation signal is produced owing to the interaction of the Hydrogen with the
CMB quadrupole moment and could be measured in the future with an array of dipole antennas. Such a signal
would indicate the existence of primordial gravitational waves [44].
A. Scattering with unpolarised electrons
We can now study the change of polarisation when high energy γ–rays hit electrons. Since A′i4,i6=4 = 0 (i.e. there
is no transfer of polarisation from linear to circular polarisation and vice versa), a possible change in the magnitude of
the circular polarisation signal after scattering, V (2) 6= V (1), has to reflect the number of photons whose polarisation
state is changed by the scattering process. If the scattering is as likely to change the photon polarisation as to maintain
it, we would expect no net circular polarisation – that is V (2) = 0 – regardless of the initial net polarisation. Therefore
the change in net circular polarisation (∆V ) can be formulated in terms of the scattering matrix amplitudes, as
∆V =
|M(eγ+ → eγ+)|2 + |M(eγ− → eγ−)|2 − |M(eγ+ → eγ−)|2 − |M(eγ− → eγ+)|2
|M(eγ+ → eγ+)|2 + |M(eγ− → eγ−)|2 + |M(eγ+ → eγ−)|2 + |M(eγ− → eγ+)|2 =
A′44
A′11
, (52)
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where
|M(eγ± → eγ±)|2 = 2
(
p1·k1
p1·k2 +
p1·k2
p1·k1
)
+m2e
(
2 +
p1·k1
p1·k2 +
p1·k2
p1·k1
)(
1
p1·k1 −
1
p1·k2
)
+m4e
(
1
p1·k1 −
1
p1·k2
)2
,
|M(eγ± → eγ∓)|2 = m2e
(
2− p1·k1
p1·k2 −
p1·k2
p1·k1
)(
1
p1·k1 −
1
p1·k2
)
+m4e
(
1
p1·k1 −
1
p1·k2
)2
. (53)
From this expression, one readily sees that the value of ∆V is limited to the range [−1, 1] and different values can be
interpreted as follows.
• ∆V = 1: There is no change in the initial value of the V parameter (i.e., no change in the amount of circular
polarisation left after scattering).
• 0 < ∆V < 1: The initial circular polarisation is partly washed out by the scattering.
• ∆V = 0: Any net circular polarisation will be erased completely after one single scattering.
• −1 < ∆V < 0: The sign of the circular polarisation is changed and most polarisation states have flipped.
• ∆V = −1: All polarisation states have flipped (V (2) = −V (1)).
A similar information can be defined in terms of the total cross section corresponding to each amplitude (see
Appendix E for details). We can now determine how likely a net circular polarisation signal is expected to change
after Compton scattering as a function of the incoming and outgoing kinematics. In Fig. 3 we present the asymmetry
∆V defined in Eq. (52) as a function of the incoming photon energy and the angle between the incoming and outgoing
photon (θ). The results are shown in the centre of mass frame (COM), the rest frame, the spin frame and the fixed
frame. The rest frame is very useful for energetic photons propagating through a medium and scattering with very
low energy (background) electrons. The spin frame is a new frame that we define in this paper to reflect the fact
that for incoming and outgoing electrons travelling in the ∓z, the spinor definitions that we are using to calculate the
matrix amplitude (see Appendix D) correspond to the spin eigenstates of the electrons. The results in this frame thus
match the result in the COM frame. The fixed frame gives the most general description of electron photon scattering.
The only constraint is that the momentum of the incoming electron is fixed along the +z direction. This gives us
more freedom about the angular configuration of the scattering. In this frame, it is not very intuitive to show ∆V as
a function of θ so we will present it as a function of the angle between the outgoing photon and the incoming electron
(i.e., φ2), as in Fig. 3d. In this figure, we have fixed the incoming electron momentum at p1 = 5 MeV, as well as the
angles φ1 = θ1−θ2 = pi/3, where φ1 is the angle between incoming electron and photon and θ1−θ2 is the difference of
the angles of the incoming and outgoing photons projected on the plane perpendicular to the z direction. Note that
this plot is just shown as an example, more results for the fixed frame can be found in Appendix F. The polarisation
behaviour is dependent on all these kinetic variables. If one of them changes, ∆V changes quite a bit too. For more
information about how ∆V varies in the different frames of reference, we refer the reader to Appendix B.
A common feature among the first three frames is that, for a low energy incoming photon, Eγ,1  me, the
asymmetry ∆V crucially depends on the direction of the outgoing photon after scattering. The fixed frame does not
follow this feature simply because we have assumed a relativistic incoming electron by fixing p1 at 5 MeV. If the
incoming electron is non-relativistic (as can be seen in the appendix F) we get similar results as in the other frames.
In the high energy regime of the incoming photon (Eγ,1  me), Compton scattering preserves the polarisation
states of most of the outgoing photons regardless of the direction of the incoming photon. However, this is not true in
the rest frame (Fig. 3b), where ∆V strongly depends on the scattering direction of the outgoing photon with respect
to the incoming photon and is independent on the incoming photon energy. When the initial electron is at rest, the
only way that a “+/−” polarised photon can conserve angular momentum requires the photon to be scattered in the
forward direction. Otherwise, it would have to flip its polarisation. On the contrary, when the electron has some
initial energy, (like in the spin or COM frames for Eγ,1  me), the photon can scatter in any direction while keeping
its initial polarisation without violating angular momentum conservation. One common feature of all the frames in
this regime is that the change of the net polarisation no longer depends on the incoming photon energy. However,
when the energy of the incoming photon is around or slightly above the electron mass, the value of ∆V then becomes
strongly frame dependent.
B. Scattering off polarised electrons
So far we have averaged over the electron spin configuration. However it may be that the light propagates in a
medium where the electrons have one particular spin configuration. To study whether the net circular polarisation
15
−1.0 −0.5 0.0 0.5 1.0
cos θ
100
101
102
103
104
105
106
107
108
109
1010
1011
1012
E
γ
,1
 (
e
V
)
Center of Mass Frame
−1.0
−0.5
0.0
0.8
0.9
1.0
∆V
(a) Centre of Mass Frame
−1.0 −0.5 0.0 0.5 1.0
cos θ
100
101
102
103
104
105
106
107
108
109
1010
1011
1012
E
γ
,1
 (
e
V
)
Rest frame
−1.0
−0.5
0.0
0.8
0.9
1.0
∆V
(b) Rest Frame
−1.0 −0.5 0.0 0.5 1.0
cos θ
100
101
102
103
104
105
106
107
108
109
1010
1011
1012
E
γ
,1
 (
e
V
)
Spin frame
−1.0
−0.5
0.0
0.8
0.9
1.0
∆V
(c) Spin Frame
−1.0 −0.5 0.0 0.5 1.0
cosφ2
100
101
102
103
104
105
106
107
108
109
1010
1011
1012
E
γ
,1
 (
e
V
)
Fixed frame, p1 =5 MeV 
cosφ1 =0. 50, cos(θ1 − θ2) = 0. 50
−1.0
−0.5
0.0
0.8
0.9
1.0
∆V
(d) Fixed Frame
FIG. 3: The change of net circular polarisation after a single e− γ scattering in (a) the centre of mass frame, (b) the electron
rest frame, (c) the spin frame, and (d) the fixed frame. In the former three frames, we choose the incoming photon energy Eγ,1
and the angle between outgoing and incoming photons θ as variables. In the last frame, the incoming photon energy Eγ,1 and
the angle between outgoing photon and incoming electron are chosen as variables.
will be affected in such a medium, we define the change of the net circular polarisation asymmetry by:
∆V,e+ =
|M(e+γ+ → e+γ+)|2 + |M(e+γ+ → e−γ+)|2 − |M(e+γ+ → e+γ−)|2 − |M(e+γ+ → e−γ−)|2
|M(e+γ+ → e+γ+)|2 + |M(e+γ+ → e−γ+)|2 + |M(e+γ+ → e+γ−)|2 + |M(e+γ+ → e−γ−)|2 (54)
for the cases of the electron spin Jz(e1) = +12 in the rest frame. Similarly, one can define ∆V,e− for the case of
Jz(e1) = − 12 by exchanging e+ and e−. Here we only show the results in the rest frame as a case of study, but it
is worth noting that this definition is valid in all four frames of reference as long as the initial electron momentum
is zero or along the z–axis. When the electron travels at an angle with respect to the z–axis, the spinor defined in
Appendix D is no longer an eigenstate of the spin operator and consequently, does not carry any physical meaning.
The behaviour of ∆V,e± is numerically shown in Fig. 4. In the low energy regime (Eγ,1  me), ∆V,e+ and ∆V,e−
follow the same distribution as that in the scattering with an unpolarised electron. Consequently, the change in
polarisation of low energy photons scattering with electrons at rest is the same regardless the electron initial spin
state. On the other hand, the results for high energy incoming photons present different features. For a photon
with energy Eγ,1 > me and positive state, its polarisation is flipped if the spin of the incoming electron is + 12 , see
Fig. 4a, and it is conserved after scattering if the spin of the incoming electron is − 12 , see Fig. 4b independently
of the direction of scattering of the outgoing photon. We note that, unlike the results for photon scattering with an
unpolarised electron in the rest frame, the mass of the electron is a relevant energy scale when fixing the electron
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FIG. 4: Percentage of photon circular polarisation conservation after a single scattering with incoming polarised electron with
spin + 1
2
(a) or spin − 1
2
(b) in the rest frame. The axis are the same as in Fig. 3c.
spin since in this case, the change of net circular polarisation behaves very differently when the incoming photon
energy is above or below the electron mass. For instance, given an incoming spin + 12 electron with cos θ around 1,
i.e., backward scattering, the photon needs more energy to flip its polarisation.
VI. BOLTZMANN EQUATION
Now that we know how the Stokes parameters are modified after scattering, see Eq. (51), we can study their
evolution as light propagates through space, using the Boltzmann equation. The latter is given by
dn
dt
= C[n] , (55)
where n is the phase space photon distribution function and C is the collisional term, i.e., a functional of the photon
distribution function n describing the scattering of the photon with any other particles ψ in the medium. The latter
reads as
C[n] =
∫
dp1dp2dk2 |M(ψγ → ψγ)|2 (2pi)4 δ4(p1 + k1 − p2 − k2) [nψ(p2)nγ(k2)− nψ(p1)nγ(k1)] , (56)
where p1(2) ≡ (Eψ,1(2), p1(2)) is the four-momentum of the incoming (outgoing) particle ψ in the medium, k1(2) ≡
(Eγ,1(2), k1(2)) is the four-momentum of the incoming (outgoing) photon, dk2 ≡ d
3k2
(2pi)32Eγ,2
, dp1(2) ≡
d3p1(2)
(2pi)3
mψ
Eψ,1(2)
,
nψ,γ is the distribution function of the particles ψ and γ respectively, and |M(ψγ → ψγ)|2 is the squared scattering
matrix amplitude. In the current form, this equation is for any particle physics process involving photon scattering.
A. Boltzmann formalism for generic interactions
In order to study the evolution of the polarisation, we need to relate the photon energy distribution to the Stokes
parameters. In Eq. (30), we saw that the Stokes parameters could be expressed in terms of the different photons
states. The next step is to relate them to the density matrix. Combining Eq. (30) with the definition of density
matrix
ρij =
|i〉〈j |
Tr(ρ)
, (57)
where i, j = {l, r} or {+,−}, and making use of
〈S〉 = Tr(ρSˆ) , (58)
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with S = I,Q, U, V , the Stokes parameters in the ± basis can be expressed as
〈I〉 = ρ++ + ρ−− ,
〈Q〉 = − (ρ+− + ρ−+) ,
〈U〉 = i (ρ+− − ρ−+) ,
〈V 〉 = ρ++ − ρ−− (59)
To continue further, we need to define the time evolution of the different matrix density elements. This can be done
by expressing the photon number operator Dij(k) ≡ a†i (k)aj(k) in terms of the density matrix associated with the
different photon polarisation states [5]. Making use of the relation
〈Dij〉 = (2pi)3δ(0)2k0ρij(k) (60)
and assuming that the collision time scale is smaller than the time scale for the variation of the density matrix (which
is true for weak scale processes), we can then express the density matrix in terms of the photon number operator [45]
(2pi)3δ(0)2Ek
d
dt
ρij(k) = −1
2
∫ ∞
−∞
dt〈[H0I (t), [H0I (0),D0ij(k)]]〉 , (61)
where H0I is the interaction Hamiltonian to first order.
Assuming that most of the particles in space are not polarised since there is no left/right asymmetry, Eq. (61) can
be rewritten as
2Eγ,1
d
dt
ρij(k1) = −1
4
∫
dp1 dp2 dk2 (2pi)
4 δ4(p2 + k2 − p1 − k1) Mαα′M∗β′β
× [nψ(p1)δβα′(δiαρβ′j(k1) + δjβ′ρiα(k1))− 2nψ(p2)δiαδjβ′ρα′β(k2)] , (62)
where Mαα′ ≡ M(ψγα → ψγα′) with α, α′ = ± being different polarisation states of the photon. This eventually
leads to
d
dt
ρ++(k1) = − 1
8Eγ,1
∫
dp1dp2dk2(2pi)
4δ4(p2 + k2 − p1 − k1)
×
(
2|M++|2 [nψ(p1)ρ++(k1)− nψ(p2)ρ++(k2)] + 2|M+−|2 [nψ(p1)ρ++(k1)− nψ(p2)ρ−−(k2)]
+nψ(p1)
(
ρ−+(k1)
(
M++M
∗
−+ +M+−M
∗
−−
)
+ ρ+−(k1)
(
M−+M∗++ +M−−M
∗
+−
))
− 2nψ(p2)[M++M∗+−ρ+−(k2) +M+−M∗++ρ−+(k2)]
)
,
d
dt
ρ−−(k1) = − 1
8Eγ,1
∫
dp1dp2dk2(2pi)
4δ4(p2 + k2 − p1 − k1)
×
(
2|M−+|2 [nψ(p1)ρ−−(k1)− nψ(p2)ρ++(k2)] + 2|M−−|2 [nψ(p1)ρ−−(k1)− nψ(p2)ρ−−(k2)]
+nψ(p1)
(
ρ+−(k1)
(
M−+M∗++ +M−−M
∗
+−
)
+ ρ−+(k1)
(
M++M
∗
−+ +M+−M
∗
−−
))
− 2nψ(p2)[M−+M∗−−ρ+−(k2) +M−−M∗−+ρ−+(k2)]
)
,
d
dt
ρ+−(k1) = − 1
8Eγ,1m2ψ
∫
dp1dp2dk2(2pi)
4δ4(p2 + k2 − p1 − k1)× ,
×
(
nψ(p1) [ ρ+−(k1)(|M++|2 + |M−+|2 + |M+−|2 + |M−−|2)
+ (ρ++(k1) + ρ−−(k1))(M++M∗−+ +M+−M
∗
−−) ]
− 2nψ(p2)[M++M∗−+ρ++(k2) +M+−M∗−−ρ−−(k2) +M+−M∗−+ρ−+(k2) +M++M∗−−ρ+−(k2)]
)
,
d
dt
ρ−+(k1) = − 1
8Eγ,1m2ψ
∫
dp1dp2dk2(2pi)
4δ4(p2 + k2 − p1 − k1)
×
(
nψ(p1)
[
ρ−+(k1)(|M++|2 + |M−+|2 + |M+−|2 + |M−−|2)
+ (ρ++(k1) + ρ−−(k1))(M−+M∗++ +M−−M
∗
+−) ]
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− 2nψ(p2)[M−+M∗++ρ++(k2) +M−−M∗+−ρ−−(k2) +M−+M∗+−ρ+−(k2) +M−−M∗++ρ−+(k2)]
)
. (63)
Expressing the scattering matrix elements in terms of the A′–matrix elements, we then get
|M++|2 = 12 (A′11 +A′14 +A′41 +A′44) M++M∗−+ = 12 (−A′21 −A′24 + iA′31 + iA′34)
|M+−|2 = 12 (A′11 −A′14 +A′41 −A′44) M−−M∗+− = 12 (−A′21 +A′24 − iA′31 + iA′34)
|M−+|2 = 12 (A′11 +A′14 −A′41 −A′44) M++M∗+− = 12 (−A′12 − iA′13 −A′42 − iA′43)
|M−−|2 = 12 (A′11 −A′14 −A′41 +A′44) M−+M∗+− = 12 (A′22 + iA′23 + iA′32 −A′33)
M++M
∗
−− =
1
2 (A
′
22 + iA
′
23 +A
′
33 − iA′32) M−+M∗−− = 12 (−A′12 +A′42 − iA′13 + iA′43)
(64)
Therefore, using Eqs. ((59)) and ((63)), we obtain the time evolution of the Stokes parameters, namely
d
dt
I(k1) = −
m2ψ
8piEψ,1Eγ,1Eψ,2
∫ ∞
0
dEγ,2Eγ,2
∫
dΩ
4pi
δ (Eψ,2 + Eγ,2 − Eψ,1 − Eψ,1)×
[(
nψ,1I(k1)− nψ,2I(k2)
)
A′11
+ nψ,1
(
V (k1)A
′
41 +Q(k1)A
′
21 − U(k1)A′31
)
− nψ,2
(
V (k2)A
′
14 +Q(k2)A
′
12 − U(k2)A′13
)]
d
dt
Q(k1) = −
m2ψ
8piEψ,1Eγ,1Eψ,2
∫ ∞
0
dEγ,2Eγ,2
∫
dΩ
4pi
δ (Eψ,2 + Eγ,2 − Eψ,1 − Eψ,1)
×
[(
nψ,1I(k1)− nψ,2I(k2)
)
A′21 + nψ,1Q(k1)A′11 − nψ,2
(
V (k2)A
′
24 +Q(k2)A
′
22 − U(k2)A′23
)]
d
dt
U(k1) = −
m2ψ
8piEψ,1Eγ,1Eψ,2
∫ ∞
0
dEγ,2Eγ,2
∫
dΩ
4pi
δ (Eψ,2 + Eγ,2 − Eψ,1 − Eψ,1)
×
[
−
(
nψ,1I(k1)− nψ,2I(k2)
)
A′31 + nψ,1U(k1)A′11 + nψ,2
(
V (k2)A
′
34 +Q(k2)A
′
32 − U(k2)A′33
)]
d
dt
V (k1) = −
m2ψ
8piEψ,1Eγ,1Eψ,2
∫ ∞
0
dEγ,2Eγ,2
∫
dΩ
4pi
δ (Eψ,2 + Eγ,2 − Eψ,1 − Eψ,1)
×
[(
nψ,1I(k1)− nψ,2I(k2)
)
A′41 + nψ,1V (k1)A′11 − nψ,2
(
V (k2)A
′
44 +Q(k2)A
′
42 − U(k2)A′43
)]
(65)
where p2 = p1+k1−k2 and where it is assumed that the particles in the medium follow a thermal Maxwell-Boltzmann
distribution so that nψ,1(2) ≡ nψ,1(2)(x) =
∫
d3p1(2)
(2pi)3
fψ(x,p1(2)). We are now ready to compute the time evolution
of the circular polarisation component by inputting the appropriate electron densities and A′–matrix elements. This
has been done for low energy photons in [46].
B. Boltzmann formalism for photon-electron scattering
For the study of more than one process we now apply the Boltzmann formalism to the photon-electron scattering.
Using the general results in Eq. (65) and Eq. (44) the Boltzmann equation for photon-electron scattering simplifies and
can then be expressed in terms of the A′–matrix elements. Consequently, for the specific case of Compton scattering,
we get
d
dt
I(k1) = − m
2
e
8piEe,1Eγ,1Ee,2
∫ ∞
0
dEγ,2Eγ,2
∫
dΩ
4pi
δ (Ee,2 + Eγ,2 − Ee,1 − Ee,1)
×
[(
ne,1I(k1)− ne,2I(k2)
)
A′11 +
(
ne,1Q(k1)− ne,2Q(k2)
)
A′12
]
,
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d
dt
Q(k1) = − m
2
e
8piEe,1Eγ,1Ee,2
∫ ∞
0
dEγ,2Eγ,2
∫
dΩ
4pi
δ (Ee,2 + Eγ,2 − Ee,1 − Ee,1)
×
[(
ne,1I(k1)− ne,2I(k2)
)
A′12 + ne,1Q(k1)A′11 − ne,2Q(k2)A′22
]
,
d
dt
U(k1) = − m
2
e
8piEe,1Eγ,1Ee,2
∫ ∞
0
dEγ,2Eγ,2
∫
dΩ
4pi
δ (Ee,2 + Eγ,2 − Ee,1 − Ee,1)
[
ne,1U(k1)A
′
11 − ne,2U(k2)A′33
]
,
d
dt
V (k1) = − m
2
e
8piEe,1Eγ,1Ee,2
∫ ∞
0
dEγ,2Eγ,2
∫
dΩ
4pi
δ (Ee,2 + Eγ,2 − Ee,1 − Ee,1)
[
ne,1V (k1)A
′
11 − ne,2V (k2)A′44
]
,
(66)
where c2 ≡ cos 2φ2 and c1 ≡ cos 2φ1 and the explicit form of the A′–matrix elements are given by Eq. (45).
We note that the evolution of the intensity I(k1) and linear polarisation parameter Q(k1) are independent of the
evolution of the U(k1) and V (k1) parameters. Consequently, for Compton scattering, there is no conversion between
circular and linear polarisation over time as expected.
VII. CONCLUSION
Polarisation is a critical measurement in Astrophysics. It strongly relies on theoretical estimates of fundamental
processes such as Synchrotron radiation and Faraday conversion. So far the literature has focused on the polarisation
of visible light and mm radiation, and there are some efforts to describe the polarisation of X-ray radiation [1].
However γ–ray signals may also be polarised and the question we address in this paper is how to describe the possible
change of polarisation as photons of any energy propagate through space or the atmosphere. Here we derive the
formalism for such studies assuming generic interactions and eventually focus on Compton interactions.
The classical radiative transfer introduced by Chandrasekhar to describe Rayleigh scattering of visible light cannot
be used to describe the change in polarisation of these signals because it only provides a description of the geometry
of the scattering. Yet the P–matrix introduced by Chandrasekhar to relate the Stokes parameters in the (Il, Ir, U, V )
basis before and after scattering can still be defined in the case of Compton interactions. Our formalism generalises
Chandrasekhar’s results to any type of photon interaction at any energy. This is done by relating the incoming and
outgoing Stokes parameters in the (I,Q, U, V ) basis using the A′–matrix, which is given in Eq. (36).
As it is expected, the A′–matrix elements at high energy (Eq. (44)) are significantly different from the ones at low
energy. Some of the elements which were vanishing in the low energy limit do not vanish at high energy. Furthermore,
unlike in the low energy case, the change of the Stokes parameters after scattering also depends on the photon energies
in the initial and final states. The relationship between the Stokes parameters before and after scattering is therefore
more complex at high energy than at low energy. Nevertheless, just like for the interactions at now energies, circular
polarisation is secluded. Consequently, if the V -parameter changes after scattering, this means that a number of
photons with a given helicity state were converted into photons with the opposite helicity. Therefore, if one kind of
circular polarisation dominates over the other one, we will be able to observe a net circular polarisation signal.
To study the change in the net circular polarisation after photon–electron scattering we defined ∆V , which is given
in terms of the scattering matrix amplitude. According to Eq. (52), ∆V = 0 implies no circular polarisation after
scattering, meaning that the number of photon states with opposite polarisations is equal. Therefore when ∆V 6= 0,
we will be able to observe a circularly polarised signal, regardless of whether the polarisation states are all preserved
(∆V = 1) or all flipped (∆V = −1),
We also determine the conditions for which a net circular polarisation signal would be preserved after scattering
at low/high energies. This was done in four different frames: centre of mass frame, rest frame, spin frame and fixed
frame. We observed that, for the first three frames mentioned before, a common characteristic is that for low energy
incoming photon, the change on the net circular polarisation depends on the scattering direction. The fixed frame
does not have this characteristic because the incoming electron is relativistic. On the other hand, for high energies
of the incoming photon in the centre of mass and spin frame, the circular polarisation is conserved independently of
the scattering direction. This is not true for the rest frame, where the change in the net circular polarisation depends
on the scattering direction of the outgoing photon. The only way the polarisation changes in this frame is when the
photon scatters in the forward direction. To complement this work, we also studied the effect of the electron spin
on the conservation of circular polarisation. In this case, we define the change of net circular polarisation as ∆V,e±
for an initial electron spin Jz(e1) = ± 12 in the rest frame. We observed that by fixing the electron spin, the mass
of the electron becomes relevant since the change of circular polarisation conservation behaves very different when
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the incoming photon energy is above or below it. Indeed, in the low energy limit, the conservation of net circular
polarisation depends on the scattering direction, as in the case of unpolarised electrons, and it is independent of
the initial electron spin. However, this is not the case for high energy photons, where ∆V,e± depends on the initial
electron spin and it does not depend on the scattering direction. For instance, for an incoming high energy photon
with positive helicity, its polarisation changes when the spin of the incoming electron is positive, otherwise the photon
polarisation is conserved independently of the scattering direction.
We also developed a general formalism to study the time evolution of the Stokes parameters in the (I,Q, U, V )
basis in terms of the scattering matrix elements. This formalism is valid for any type of scattering at any energy and
can be simply computed using the entries of the A′–matrix given in Eq. (36). For the particular case of Compton
scattering, we found that the time evolution of the V –parameter is independent of the other Stokes parameters. This
means that even after multiple scatterings, while the amount of circular polarisation might change (i.e., the difference
between left or right helicity states), circularly polarised light will never become linearly polarised or vice versa.
The formalism developed in this paper provides with a powerful tool to study the changes in circular polarisation
as light propagates through any type of medium. This implies that observations of circularly polarised light can be
used to deepen our understanding of the nature of dark matter or other theories beyond the Standard Model.
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Appendix A: Formalism for the Thomson interactions
In this appendix, we briefly review the change of photon polarisation during Thomson scattering. Most of the result
are well-known and are convenient to be compared with our results of scattering in the high energy limit.
1. Deriving the Thomson P–matrix directly from the Stokes parameters
For the Thomson scattering, the P–matrix can be directly obtained by following the original definition of Stokes
parameters. Applying the formula in Eq. (8) to Stokes parameters for both incoming photon and outgoing photon,
we obtain
I
(2)
l = (~
(2)
l · ~ (1)r )2 a2r + (~ (2)l · ~ (1)l )2 a2l + 2 ar al cos(δl − δr) (~ (2)l · ~ (1)r )(~ (2)l · ~ (1)l ),
= (~
(2)
l · ~ (1)r )2 I(1)r + (~ (2)l · ~ (1)l )2 I(1)l + (~ (2)l · ~ (1)r )(~ (2)l · ~ (1)l ) U (1) ,
I(2)r = (~
(2)
r · ~ (1)r )2 a2r + (~ (2)r · ~ (1)l )2 a2l + 2 ar al cos(δl − δr) (~ (2)l · ~ (1)r )(~ (2)r · ~ (1)l ) ,
= (~ (2)r · ~ (1)r )2 I(1)r + (~ (2)r · ~ (1)l )2 I(1)l + (~ (2)l · ~ (1)r )(~ (2)r · ~ (1)l ) U (1) ,
U (2) = 2(~ (2)r · ~ (1)r ) (~ (2)l · ~ (1)r ) a2r + 2 (~ (2)r · ~ (1)l ) (~ (2)l · ~ (1)l ) a2l + 2 ar al cos(δl − δr)×
×
[
(~ (2)r · ~ (1)r )(~ (2)l · ~ (1)l )− (~ (2)r · ~ (1)l )(~ (2)l · ~ (1)r )
]
= 2 (~ (2)r · ~ (1)r ) (~ (2)l · ~ (1)r ) I(1)r + 2 (~ (2)r · ~ (1)l ) (~ (2)l · ~ (1)l ) I(1)l
+
[
(~ (2)r · ~ (1)r )(~ (2)l · ~ (1)l ) + (~ (2)r · ~ (1)l )(~ (2)l · ~ (1)r )
]
U (1) ,
V (2) = 2 ar al sin(δl − δr)
[
(~ (2)r · ~ (1)r ) (~ (2)l · ~ (1)l ) − (~ (2)r · ~ (1)l ) (~ (2)l · ~ (1)r )
]
=
[
(~ (2)r · ~ (1)r ) (~ (2)l · ~ (1)l ) − (~ (2)r · ~ (1)l ) (~ (2)l · ~ (1)r )
]
V (1) . (A1)
From these relations, one obtains the following expression for the P–matrix in terms of the photon polarisation
vectors
P =

(~
(2)
l · ~ (1)l )2 (~ (2)l · ~ (1)r )2 (~ (2)l · ~ (1)r )(~ (2)l · ~ (1)l ) 0
(~
(2)
r · ~ (1)l )2 (~ (2)r · ~ (1)r )2 (~ (2)r · ~ (1)r )(~ (2)r · ~ (1)l ) 0
(~
(2)
r · ~ (1)l ) (~ (2)l · ~ (1)l ) (~ (2)r · ~ (1)r ) (~ (2)l · ~ (1)r ) P33 0
0 0 0 P44
 (A2)
with
P33 =
[
(~ (2)r · ~ (1)r )(~ (2)l · ~ (1)l ) + (~ (2)r · ~ (1)l )(~ (2)l · ~ (1)r )
]
,
P44 =
[
(~ (2)r · ~ (1)r )(~ (2)l · ~ (1)l ) − (~ (2)r · ~ (1)l )(~ (2)l · ~ (1)r )
]
. (A3)
One can recover Chandrasekhar’s expression for the P–matrix in Eq. (14) by substituting the 3D kinematics in a
general (fixed) frame, see Appendix B for the dot products between the incoming (1) and outgoing (2) polarisation
vectors, namely
~
(2)
l · ~ (1)l = sinφ1 sinφ2 + cosφ1 cosφ2 cos (θ2 − θ1) ,
~ (2)r · ~ (1)r = cos (θ2 − θ1) ,
~
(2)
l · ~ (1)r = cosφ2 sin (θ2 − θ1) ,
~ (2)r · ~ (1)l = − cosφ1 sin (θ2 − θ1) · (A4)
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2. P–matrix for Thomson interactions
Using the expression of the R–matrix as shown in Eq. (11), we obtain the following P–matrix elements
PChandrasekhar =
(cos θ cos Φ1 cos Φ2 − sin Φ1 sin Φ2)
2 (cos Φ1 sin Φ2 + cos θ sin Φ1 cos Φ2)
2 P13 0
(cos θ cos Φ1 sin Φ2 + sin Φ1 cos Φ2)
2 (cos Φ1 cos Φ2 − cos θ sin Φ1 sin Φ2)2 P23 0
P31 P32 P33 0
0 0 0 cos θ
 (A5)
with
P13 =
1
2
(− cos2 θ sin 2Φ1 cos2 Φ2 − cos θ cos 2Φ1 sin 2Φ2 + sin 2Φ1 sin2 Φ2)
P23 =
1
2
(
sin 2Φ1
(
cos2 Φ2 − cos2 θ sin2 Φ2
)
+ cos θ cos 2Φ1 sin 2Φ2
)
P31 = sin 2Φ2
(
cos2 θ cos2 Φ1 − sin2 Φ1
)
+ cos θ sin 2Φ1 cos 2Φ2
P32 = sin 2Φ2
(
cos2 θ sin2 Φ1 − cos2 Φ1
)− cos θ sin 2Φ1 cos 2Φ2
P33 = cos θ cos 2Φ1 cos 2Φ2 − 2
(
1 + cos2 θ
)
sin Φ1 cos Φ1 sin Φ2 cos Φ2 (A6)
3. P′–matrix for Thomson interactions
The P′–matrix denotes the P–matrix in the (I,Q, U, V ) basis. Considering a rotation of the plane defined by the
incoming polarisation vectors by an angle Φ1 and a rotation for the final photon with another angle Φ2, the P′ follows
the transformation
P′ = L′(pi − Φ2) R′ L′(−Φ1) , (A7)
where L′(Φ) takes a different form from L(Φ) in Eq. (13),
L′(Φ) =
 1 0 0 00 cos 2Φ sin 2Φ 00 − sin 2Φ cos 2Φ 0
0 0 0 1
 . (A8)
This eventually leads to the following P′–matrix elements
P′11 =R
′
11 P
′
31 =R
′
31cΦ2+R
′
21sΦ2
P′12 =R
′
12cΦ1+R
′
13sΦ1 P
′
32 =cΦ1(R
′
32cΦ2+R
′
22sΦ2)+sΦ1(R
′
33cΦ2+R
′
23sΦ2)
P′13 =R
′
13cΦ1−R′12sΦ1 P′33 =cΦ1(R′33cΦ2+R′23sΦ2)−sΦ1 (R′32cΦ2+R′22sΦ2)
P′14 =R
′
14 P
′
34 =R
′
34cΦ2+R
′
24sΦ2
P′21 =R
′
21cΦ2−R′31sΦ2 P′41 =R′41
P′22 =cΦ1 (R
′
22cΦ2−R′32sΦ2)+sΦ1 (R′23cΦ2−R′33sΦ2) P′42 =R′42cΦ1+R′43sΦ1 ,
P′23 =sΦ1 (R
′
32sΦ2−R′22cΦ2)+cΦ1 (R′23cΦ2−R′33sΦ2) P′43 =R′43cΦ1−R′42sΦ1 ,
P′24 =R
′
24cΦ2−R′34sΦ2 , P′44 =R′44
(A9)
with cΦ1 ≡ cos(2Φ1), cΦ2 ≡ cos(2Φ2), sΦ1 ≡ sin(2Φ1), sΦ2 ≡ sin(2Φ2).
4. Deriving the P–matrix using the Quantum formalism
We can now compare both the geometrical formalism derived by Chandrasekhar and our quantum formalism by
studying the special case of Thomson interactions. We first need to replace each of the matrix amplitude elements, as
defined in Eq.(41), in the quantum formalism by their QFT definition. Without loss of generality, the matrix elements
for Thomson scattering can be parameterized as
Mi′i = Mµν 
(1)µ
i 
∗(2)ν
i′ , (A10)
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where µ, ν are Lorentz indices, in the Lorentz gauge i = (0,~i) andMµν the polarisation vector-independent amplitude
associated with each Feynman diagram. The amplitude squared for Thomson scattering is given by
Mi′i M
∗
j′j =
∑
λ=s,t,st
(
MµνM
∗
µ′ν′
)
λ

(1)µ
i 
∗(2)ν
i′ 
∗(1)µ′
j 
(2)ν′
j′ , (A11)
where the amplitudes for the different s, t, st channels
(
MµνM
∗
µ′ν′
)
s,t,st
are equal to(
MµνM
∗
µ′ν′
)
s
= gνν′gµµ′ ,(
MµνM
∗
µ′ν′
)
t
= gνν′gµµ′ ,(
MµνM
∗
µ′ν′
)
st
= 2 (2gµνgµ′ν′ − gνν′gµµ′) . (A12)
Using these definitions together with Ai′ij′j ≡WMi′iM∗j′jW−1 and P = CAi′ij′j C−1, one finds that the Stokes
parameters after Thomson scattering are given by

Iˆl
Iˆr
Uˆ
Vˆ

(2)
=

|(2)l · (1)l |2 |(2)l · (1)r |2 ((2)l · (1)r )((2)l · (1)l ) 0
|(2)r · (1)l |2 |(2)r · (1)r |2 ((2)r · (1)r )((2)r · (1)l ) 0
(
(2)
r · (1)l ) ((2)l · (1)l ) ((2)r · (1)r ) ((2)l · (1)r ) P33 0
0 0 0 P44


Iˆl
Iˆr
Uˆ
Vˆ

(1)
(A13)
with
P33 =
[
((2)r · (1)r )((2)l · (1)l ) + ((2)r · (1)l )((2)l · (1)r )
]
,
P44 =
[
((2)r · (1)r )((2)l · (1)l )− ((2)r · (1)l )((2)l · (1)r )
]
, (A14)
which indeed agrees with Chandrasekhar’s results as displayed in Eq. (A2). Using the Thomson kinematics in the fix
frame, we obtain Eq. (14), as expected. Therefore, In the low energy limit of the incoming photon, the two formalisms
are equivalent.
Appendix B: Kinematics and results in the different frames of reference
1. Reference frames
To compare the polarisation of light in processes with relativistic electrons from those with non-relativistic electrons
we consider some frames of reference. Such frames are the centre of mass (COM) frame, the rest frame, the fixed
frame and the spin frame; each of them is good for describing different physics aspects of the process.
The COM frame is a good approximation for describing thermal photon scattering with thermal electron. The rest
frame can be treated as a limit of an energetic photon scattering with electron with a small momentum. The spin
frame specifies the electron spin Jz = ±1/2 in the z direction. The fixed frame can be applied to an energetic electron
scattering with a soft photon.
For every frame of reference shown in Fig. 5 the four-momenta p1 and p2 correspond to the incoming and outgoing
electrons as well as the four-momenta k1 and k2 correspond to the incoming and outgoing photons respectively. In
the following we give the explicit kinematics for each of the frames.
a. Centre of mass frame
In this frame the incoming photon and electron move in opposite directions with the same momentum |p1| = Eγ ,
which is the photon energy. The outgoing photon and electron do not change energies but only directions. We assume
the angle between incoming photon and outgoing photon is θ. Finally, in this frame the energy for the incoming
electron is E2e = E2γ +m2e and the four momenta reads as follows,
p1 = (Ee, 0, 0,−Eγ) ,
k1 = (Eγ , 0, 0, Eγ) ,
k2 = (Eγ , Eγ sin θ, 0, Eγ cos θ) ,
p2 = p1 + k1 − k2 . (B1)
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FIG. 5: Frame of references for the photon-electron scattering. For all four frames, the blue bold line refers to the incoming
(outgoing) electron, the red line refers to the incoming (outgoing) photon. The straight arrows indicate the momentum direction
for each particle while the deflect arrows indicate the helicity of the photons. In the upper-left corner we have the centre of mass
(COM) frame, upper-right corner shows the rest frame, and lower-left corner shows the spin frame, where both the incoming
and outgoing electrons are on the z directions. In each frame, the θ angle always corresponds to the angle between the outgoing
and incoming photon. Finally, the lower-right corner shows the general fixed frame which contains four parameters, θ1, θ2, φ1
and φ2.
b. Rest frame
In this frame the electron is initially at rest and the photon has energy Eγ,1 and momentum k1 = Eγ,1 on the z
direction. After the scattering the photon acquires an energy Eγ,2 and goes to a direction θ respect to the z–axis with
momentum p2. The four-momenta are defined as,
p1 = (me, 0, 0, 0) ,
k1 = (Eγ,1, 0, 0, Eγ,1) ,
k2 = (Eγ,2, Eγ,2 sin θ, 0, Eγ,2 cos θ) ,
p2 = p1 + k1 − k2 . (B2)
We present the squared matrix element for different polarisation transitions in terms of the initial and final photon
energies since it simplifies our results drastically. For this we use
cos θ = 1− me(Eγ,1 − Eγ,2)
Eγ,1Eγ,2
, sin θ =
√
me(Eγ,1 − Eγ,2)(2Eγ,1Eγ,2 −meEγ,1 +meEγ,2)
Eγ,1Eγ,2
. (B3)
c. Spin frame
In this frame of reference the incoming and outgoing electrons are moving along the ±z direction respectively, and
the incoming and outgoing photons are moving in the x− z plane. The four-momentum of the particles in this frame
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are given by,
p1 = (Ee, 0, 0,−kz) ,
k1 = (Eγ , kx, 0, kz) ,
k2 = (Eγ , kx, 0,−kz) ,
p2 = (Ee, 0, 0, kz) . (B4)
where Ee =
√
k2z +m
2
e and Eγ =
√
k2x + k
2
z . Without of generality, kx, kz > 0 are assumed. Note that kz = Eγ sin
θ
2 ,
and kx = Eγ cos θ2 , with θ being the angle between the incoming and outgoing photon.
d. Fixed frame
In the fixed frame, we chose the incoming electron of energy Ee,1 and momentum p1 moving purely along the z
direction. The photon in the initial state is coming from any direction with an energy Eγ,1 and momentum k1. The
outgoing photon gets energy Eγ,2 and momentum k2 changing its directions with respect to the initial states. We
define the four-momentum particles as,
p1 = (Ee,1, 0, 0, p1) ,
k1 = (Eγ,1, Eγ,1 cos θ1 sinφ1, Eγ,1 sin θ1 sinφ1, Eγ,1 cosφ1) ,
k2 = (Eγ,2, Eγ,2 cos θ2 sinφ2, Eγ,2 sin θ2 sinφ2, Eγ,2 cosφ2) ,
p2 = p1 + k1 − k2 , (B5)
where φ1 is the angle between the incident photon and the incoming electron, φ2 is the angle between the incident
electron and the outgoing photon. Additional θ1 and θ2 are the angles between the incoming electron and the incoming
photon, and the angle between the direction of the incoming electron and the outgoing photon in the x − y plane
respectively. In the fixed frame we require that p22 = p21 which leads to
Eγ,2 = Eγ,1
Ee,1 − p1 cosφ1
Ee,1 − p1 cosφ2 − Eγ,1(sinφ1 sinφ2 cos(θ2 − θ1) + cosφ1 cosφ2 − 1)
= Eγ,1
Ee,1 − p1µ1
Ee,1 − p1µ2 − Eγ,1(
√
1− µ21
√
1− µ22 cos(θ2 − θ1) + µ1µ2 − 1)
, (B6)
where we have used cosφ1 = µ1 and cosφ2 = µ2. In the above, one may use the angle between incoming photon and
outgoing photon θ, which is given by
cos θ = sinφ1 sinφ2 cos(θ2 − θ1) + cosφ1 cosφ2 , (B7)
to simplify the formula.
2. Polarised squared amplitudes for the different frames
Using the general result of the squared amplitude in Eq. (53), we have calculated the amplitudes of photon-electron
scattering with specified polarisations eγ± → eγ± and eγ± → eγ∓ in our four different frames. In the non-relativistic
limit (me  Eγ ,
√
E2e −m2e), all four frames approximate to Thomson scattering. However, in the relativistic limit,
different frames can be applied to different physical contexts.
a. Centre of mass frame
Amplitudes for the photon-electron scattering in this frame of reference with specified polarisations are given by
1
2
∑
spins
|M(eγ− → eγ−)|2 =1
2
∑
Se
|M(eγ+ → eγ+)|2 = (1 + cos θ)
(
E2γ(1− cos θ)2 + (Eγ + Ee)2(cos θ + 1)
)
(Ee + Eγ cos θ)2
,
1
2
∑
spins
|M(eγ+ → eγ−)|2 =1
2
∑
Se
|M(eγ− → eγ+)|2 = (1− cos θ)2
(Ee − Eγ)
(
E2e − E2γ cos θ
)
(Ee + Eγ)(Ee + Eγ cos θ)2
. (B8)
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In the high energy limit, i.e., the ultra-relativistic limit, they approximate to
1
2
∑
spins
|M(eγ± → eγ±)|2 =1 + cos θ + 4
1 + cos θ
,
1
2
∑
spins
|M(eγ± → eγ∓)|2 = m
2
e(1− cos θ)3
4E2γ(1 + cos θ)
2
. (B9)
Here, we have dropped the small mass in the denominator. These formulas are not valid if θ is close to pi.
b. Rest frame
Working in the rest frame of reference, the corresponding squared amplitudes for processes where the photon helicity
is preserved and changed are, respectively
1
2
∑
spins
|M(eγ± → eγ±)|2 =
(2Eγ,1Eγ,2 − Eγ,1me + Eγ,2me)(E2γ,1 + E2γ,2 − Eγ,1me + Eγ,2me)
E2γ,1E
2
γ,2
,
1
2
∑
spins
|M(eγ± → eγ∓)|2 =me(Eγ,1 − Eγ,2)
2(Eγ,1 − Eγ,2 +me)
E2γ,1E
2
γ,2
. (B10)
In the ultra relativistic limit (Eγ,1 →∞), we get
1
2
∑
spins
|M(eγ± → eγ±)|2 =2
E2γ,1 + E
2
γ,2
Eγ,1Eγ,2
,
1
2
∑
spins
|M(eγ± → eγ∓)|2 =me(Eγ,1 − Eγ,2)
3
E2γ,1E
2
γ,2
. (B11)
c. Spin frame
Based on this frame, the amplitudes for the different polarisation transitions are
1
2
∑
spins
|M(eγ± → eγ±)|2 =
4E2e sin
2 θ
(
E2γ cos
2 θ
(
1 + cos2 θ
)
+ m2e sin
2 θ
)(
E2e − E2γ cos4 θ
)2 ,
1
2
∑
spins
|M(eγ± → eγ∓)|2 =
4m2e cos
4 θ
(
E2e + E
2
γ cos
2 θ
)(
E2e − E2γ cos4 θ
)2 . (B12)
d. Fixed frame
When we sum/average over final/initial spins, the different polarisation transitions in the fixed frame are:
1
2
∑
spins
|M(eγ± → eγ±)|2 =
(
m2eEγ,2(Ee,1 − pe,zµ2)− Eγ,1(Ee,1 − pe,zµ1)(m2e − 2Eγ,2(Ee,1 − pe,zµ2))
)
E2γ,1E
2
k2
(Ee,1 − pe,zµ1)2(Ee,1 − pe,zµ2)2
×
(
E2k1(Ee,1 − pe,zµ1)2 −m2eEγ,1(Ee,1 − pe,zµ1) + Eγ,2(Ee,1 − pe,zµ2)(m2e + Eγ,2(Ee,1 − pe,zµ2))
)
,
1
2
∑
spins
|M(eγ± → eγ∓)|2 =
m2e(∆− 1)2
(
m2e + Eγ,1Eγ,2(1−∆)
)
(Ee,1 − pe,zµ1)2(Ee,1 − pe,zµ2)2 , (B13)
where ∆ ≡ cos θ =
√
1− µ21
√
1− µ22 cos(θ1 − θ2) + µ1µ2, µ1 = cosφ1 and µ2 = cosφ2. In the ultra (Eγ,1 → ∞)
relativistic limit we obtain
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1
2
∑
spins
|M(eγ± → eγ±)|2 =
(
Ee,1 − µ1pe,z
)(
1−∆2)
m2e
Eγ,1 ,
1
2
∑
spins
|M(eγ± → eγ∓)|2 =
(
Ee,1 − µ1pe,z
)(
1−∆)2
m2e
Eγ,1 . (B14)
Appendix C: Second Approach
In section IV we have calculated the A–matrix elements given in Eq. (37), by directly substituting the explicit form
of the electron spinors u(p)± 12 , into the matrix elementM accordingly to the chosen frame of reference. However, for
the case of unpolarised electrons there is another way to get explicit form of these elements. Nonetheless the form of
the general expression is not simple until applying the kinematics.
In the second approach instead of replacing all the elements in the amplitude, we sum/average over the electron spin
as usual and use trace technology. Therefore, this approach can only be applied to the case of unpolarised electrons.
Normally, if we do not care about the polarisation of the photons during the scattering process, we also sum/average
over their helicity states. However, in order to find the polarised amplitude of polarised photon scattering, we assume
definite helicity states for each polarisation vector in the initial and final states.
The calculation of the squared polarised amplitude using this approach starts from Eq. (43), which can be written
as
1
2
∑
α,β=±
M(eαγi → eβγi′)M∗(eαγj → eβγj′) ≡
(
Mi′iM
∗
j′j
)
s
+
(
Mi′iM
∗
j′j
)
t
+ 2 Re[Mi′iM
∗
j′j ]st , (C1)
where we have summed/averaged over electron spin, but not photon helicity. The sub indices correspond to the s and
u–channel contributions and i′, i, j′, j indicates the polarisation. More explicitly, each term in the equation above is
given by, (
Mi′iM
∗
j′j
)
s
=
e4
(s−m2e)2
(
MµνM
∗
µ′ν′
)
s

(1)µ
i 
∗(2)ν
i′ 
∗(1)µ′
j 
(2) ν′
j′ ,(
Mi′iM
∗
j′j
)
t
=
e4
(t−m2e)2
(
MµνM
∗
µ′ν′
)
t

(1)µ
i 
∗(2)ν
i′ 
∗(1)µ′
j 
(2) ν′
j′ ,(
Mi′iM
∗
j′j
)
st
=
e4
(s−m2e)(t−m2e)
(
MµνM
∗
µ′ν′
)
st

(1)µ
i 
∗(2)ν
i′ 
∗(1)µ′
j 
(2) ν′
j′ . (C2)(
MµνM
∗
µ′ν′
)
s,t,st
are the squared polarisation vector–independent amplitude corresponding to each channel. This is
the most general expression for the polarised squared amplitude of photon–scattering.
For simplicity, and comparison with Eq. (46) in section IV, we apply the rest frame kinematics. Therefore, the
polarised squared amplitude takes the form,
1
2
∑
α,β
M(eαγi → eβγi′)M(eαγj → eβγj′)∗ = 1
2meE2γ,1Eγ,2
×
×
[
2Eγ,1k1 · ∗(2)i
[
(Eγ,2 − Eγ,1)(1)i′ · (2)j k2 · ∗(1)j′ + (Eγ,1 + Eγ,2)k2 · (1)i′ (1)j′ · (2)j
]
+2Eγ,1k1 · (2)j
[
(Eγ,1 − Eγ,2)k2 · (1)i′ ∗(1)j′ · ∗(2)i − (Eγ,1 + Eγ,2)k2 · ∗(1)j′ (1)i′ · ∗(2)i
]
+Eγ,2
[

∗(1)
j′ · (2)j (1)i′ · ∗(2)i
(
2E2γ,1 [(Eγ,2 − Eγ,1)(cos θ − 1) + 4me] +m3e
)
−
(

∗(1)
j′ · ∗(2)j (1)i′ · i(k2)− ∗(1)j′ · (1)i′ ∗(2)i · (2)j
)
(2E2γ,1(cos θ − 1)(Eγ,2 − Eγ,1) +m3e)
]]
, (C3)
where we have neither specified the photon polarisation in the initial nor final state.
Considering the case where polarisation is conserved (changed), i.e., eγ± → eγ± (eγ± → eγ∓), the expression for
the polarised squared amplitude simplifies even more and leads to the same result as in (B10). Furthermore, the
result in Eq. (C3) allows to calculate the A–matrix by just doing every combination of Mi′iM∗j′j required in Eq. (43).
In here, we have done it for the rest frame. However, is possible to do all this process for any frame of reference in
Appendix B.
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Appendix D: Polarised photons scattering off polarised electrons
We can study the transitions between different polarisation states for the incoming and outgoing particles by
expressing this amplitude as a function of the incoming and outgoing electron and photon polarisation states (α, β
and k, l respectively):
M(eαγk → eβγj) = −ie2u¯β(p2)
/∗j (k2)
(
/p1 + /k1 +me
)
/k(k1)
p1 · k1 −
/k(k1)
(
/p1 − /k2 +me
)
/
∗
j (k2)
p1 · k2
uα(p1) , (D1)
where p1,2 and k1,2 are the incoming/outgoing electron and photon 4–momenta respectively.
In order to calculate the amplitude for different photon polarisation transitions, one needs to express polarised
vectors in the 4 dimensional Lorentz covariant form. In the Lorentz gauge, they are defined as µl,r = (0,~l,r) and
µ± = (0,~±), where ~l,r and ~± are listed in equations (2) and (5).
Similarly, we can express the spinors u(p)±,v(p)± for the two electron polarisation as a function of its 4–momentum
pµ = (Ee, px, py, pz) in any frame by:
uα(p) =
(
+
√
p · σ ξα
+
√
p · σ¯ ξα
)
=
1√
2(E +me)
(
+(p · σ +me) ξα
+(p · σ¯ +me) ξα
)
,
vα(p) =
(
+
√
p · σ ηα
−√p · σ¯ ηα
)
=
1√
2(E +me)
(
+(p · σ +me) ηα
−(p · σ¯ +me) ηα
)
, (D2)
where the electron polarisation states are given by
ξ+ = η− =
(
1
0
)
, ξ− 12 = η+ 12 =
(
0
1
)
, (D3)
and
σµ = {1, σ1, σ2, σ3} ,
σ¯µ = {1,−σ1,−σ2,−σ3} (D4)
The right hand side of Eq. (D2) can be found by diagonalizing the matrix p · σ = oΛo† where o is the normalized
matrix of eigenvectors of p · σ. In this way √p · σ = o√Λo†, which simplifies the calculations. Note that these are
just two independent solutions of the Dirac equation and can only be understood as eigenstates of the momentum
operator when the electron is at rest or moving along de z direction.
For 2 → 2 scattering processes, the amplitude, which is Lorentz invariant, is only dependent upon 2 Lorentz-
invariant invariants. Here, we choose them to be p1 · k1 and p1 · k2. We also choose spinors (u+, u−) in Eqs. (D2)
and (D3) as the basis of electron polarisation. Note that for massive fermions, this basis is not Lorentz-invariant so
we are constrain to work in a specific frame of reference. Here we are working in the electron rest frame and these
amplitudes are obtained, ignoring the coefficient −ie2, as
M(e+γ+ → e+γ+) =M(e−γ− → e−γ−) =
me(p1·k1 + p1·k2)
(
2p1·k1 p1·k2 −m2e(p1·k1 − p1·k2)
)
(p1·k1)2 p1·k2
√
4m2e + 2p1·k1 − 2p1·k2
,
M(e+γ+ → e+γ−) =M(e−γ− → e−γ+) = −
me(p1·k1 − p1·k2)
(
m2e(3p1·k1 − p1·k2) + 2p1·k1(p1·k1 − p1·k2)
)
(p1·k1)2 p1·k2
√
4m2e + 2p1·k1 − 2p1·k2
,
M(e+γ+ → e−γ+) = −M(e−γ− → e+γ−) =
√
p1·k1 − p1·k2
(
m2e(p1·k2 − p1·k1) + 2p1·k1 p1·k2
)3/2
(p1·k1)2 p1·k2
√
4m2e + 2p1·k1 − 2p1·k2
,
M(e+γ+ → e−γ−) = −M(e−γ− → e+γ+) = −M(e+γ− → e−γ+) =M(e−γ+ → e+γ−)
=
m2e(p1·k1 − p1·k2)3/2
√
m2e(p1·k2 − p1·k1) + 2p1·k1 p1·k2
(p1·k1)2 p1·k2
√
4m2e + 2p1·k1 − 2p1·k2
,
M(e+γ− → e+γ+) =M(e−γ+ → e−γ−) = − m
3
e(p1·k1 − p1·k2)(p1·k1 + p1·k2)
(p1·k1)2 p1·k2
√
4m2e + 2p1·k1 − 2p1·k2
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M(e+γ− → e+γ−) =M(e−γ+ → e−γ+) = −
me(3p1·k1 − p1·k2)
(
m2e(p1·k1 − p1·k2)− 2p1·k1 p1·k2
)
(p1·k1)2 p1·k2
√
4m2e + 2p1·k1 − 2p1·k2
,
M(e+γ− → e−γ−) = −M(e−γ+ → e+γ+)
=
(
m2e(p1·k1 − p1·k2) + 2(p1·k1)2
)√
(p1·k1 − p1·k2) (m2e(p1·k2 − p1·k1) + 2p1·k1 p1·k2)
(p1·k1)2 p1·k2
√
4m2e + 2p1·k1 − 2p1·k2
. (D5)
Although the basis of electron polarisation specify the frame, we still use Lorentz-invariant products (p1·k1, p1·k2)
to express the amplitude here. In the rest frame, it is simple to replace Lorentz invariants to particular variables,
i.e., incoming photon energy Eγ,1 and outgoing photon energy Eγ,2 by doing the replacements p1·k1 = meEγ,1 and
p1·k2 = meEγ,2 to re-express these formulas.
Appendix E: Cross section calculations
The cross section for the process preserving circular polarisation (eγ± → eγ±) and the process changing it (eγ± →
eγ∓) can be calculated by following the procedure described in Appendix B of [47], by which we express the amplitude
in terms of the variables χ and η, where χ = (p1 · k1)/m2e and ω = (p1 · k2)/m2e and perform the integral over ω:
σ =
∫ 2χ
2χ
2χ+1
1
32pim2eχ
2
|M(χ, ω)|2dω . (E1)
We can then use the Lorentz invariant amplitudes in Eq. (53) to find the corresponding cross sections
σ(eγ± → eγ±) = 3σT
8
(
2 + 3χ− χ2
χ2(1 + 2χ)
− 2 + χ− 2χ
2
2χ3
log(1 + 2χ)
)
,
σ(eγ± → eγ∓) = 3σT
8
(
2 + 9χ+ 13χ2 + 4χ3
χ2(1 + 2χ)2
− 2 + 3χ
2χ3
log(1 + 2χ)
)
, (E2)
where σT = 16pim2e . Note that the same method can be used to calculate the cross sections for the photon scattering
off polarised electrons discussed in Appendix D.
The summation of both photon and electron polarisations gives the standard Compton scattering amplitude
|M(eγ → eγ)|2 = 1
4
∑
k,l=±
∑
α,β=±
|M(eαγk → eβγl)|2
= 2
(
p1·k1
p1·k2 +
p1·k2
p1·k1
)
+ 4m2e
(
1
p1·k1 −
1
p1·k2
)
+ 2m4e
(
1
p1·k1 −
1
p1·k2
)2
(E3)
and the total Compton scattering cross section is
σC =
3σT
4
(
2 + 8χ+ 9χ2 + χ3
χ2(1 + 2χ)2
+
−2− 2χ+ χ2
2χ3
log(1 + 2χ)
)
, (E4)
which is consistent with former result in [48]. It is useful to define the “summed” asymmetry between the two photon
helicity states at the cross section level,
∆σV =
σ(eγ+ → eγ+) + σ(eγ− → eγ−)− σ(eγ+ → eγ−)− σ(eγ− → eγ+)
σ(eγ+ → eγ+) + σ(eγ− → eγ−) + σ(eγ+ → eγ−) + σ(eγ− → eγ+)
=
χ(1 + χ)
(−2χ(1 + 3χ) + (1 + 2χ)2 log(1 + 2χ))
2χ (2 + 8χ+ 9χ2 + χ3) + (−2− 2χ+ χ2) (1 + 2χ)2 log(1 + 2χ) , (E5)
which is the ratio of total conserved circular polarisation after integrating over phase space. Its behaviour as a function
of χ is numerically shown in Fig. 6. The Thomson scattering refers to the limit χ → 0. In this case, only ∆σV = 0,
which is well-known [4]. The circular polarisation is likely to be preserved with larger χ, which corresponds to larger
energy momentum transfer between photon and electron. For χ & 104 (corresponding to Eγ,1 & 0.361 GeV in the
COM frame, or Eγ,1 & 511 GeV in the rest frame), ∆σV can reach 0.8.
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FIG. 6: The change of the net circular polarisation at the cross section level, ∆σV , as a function of the Lorentz invariant
parameter χ = p1·k1/m2e.
Appendix F: More plots in the fixed frame
The fixed frame is the most generic frame of reference we consider and consequently, has more kinematic parameters
that can be changed. For the scattering with high energy incoming electron, circular polarisation is conserved for
any angular distribution and any energy of the incoming photon, which agrees with the results in the spin and COM
frames. However, for low energy incoming electrons, taking different kinematic configurations from the one shown in
the main text (Fig. 3d), the plot in the fixed frame changes dramatically. Here, we show two sets of plots (Fig. 7
and 8) where we vary the energy of the incoming electron and the angular configuration of the scattering process. In
every set of plots, the vertical axis corresponds to the energy of the photon in the initial state and the horizontal axis
corresponds to cosφ2 which is the angle between outgoing photon and incoming electron as discussed in section IV.
In Fig. 7, we fixed the incident angle of the photon, φ1, i.e., the angle between the incoming photon and electron,
with its cosine value fixed at cosφ1 = 1, 0.5 and 0 in the left, middle and right panels, respectively. For each row,
we fix the kinetic energy of the incoming electron p1 = 1 keV, 0.1 MeV, 1 MeV, 5 MeV, respectively. θ1 − θ2 is the
difference between incoming and outgoing photons projected on the x − y plane at pi/3. The influence of θ1 − θ2 is
less important, so we fix its cosine value at 0.5 for all plots. As shown in the left-top corner, by setting the incident
angle φ1 = 0, the result for photon scattering with low energy electron is almost the same as that in the rest frame.
But this behaviour changes largely once the incident angle increases. Increasing the energy of the incoming electron
in general lead to larger ∆V , i.e., less change of the net circular polarisation after scattering. Once p1  me, the
circular polarisation is more likely to be preserved for large incident angles. In Fig. 8, we fixed p1 = 1 GeV, and see
that the ∆V < 0.9 only for very small φ1, noting that cosφ1 = 0.99999999 and 0.999999 correspond to φ1 ≈ 0.0081◦
and 0.081◦, respectively. Only for φ1 & 0.1◦, ∆V > 0.9 is satisfied.
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FIG. 7: The asymmetry of photon helicity states ∆V in fixed frames with respect to different direction and energy information.
For each row, we fix incoming electron kinetic energy p1 = 1 keV, 0.1 MeV, 1 MeV and 5 MeV, respectively and for each column,
we fix the angle φ1 between incoming photon and electron with cosφ1 = 1, 0.5 and 0, respectively. The angle difference between
incoming and outgoing photons projected on the x− y plane is fixed cos(θ1 − θ2) = 0.5.
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FIG. 8: The asymmetry of photon helicity states ∆V for photon scattering with energetic electron in the fixed frame. The
kinetic energy of incoming electron is fixed at 1 GeV, cos(θ1− θ2) = 0.5 is used as in Fig. 7, and cosφ1 = 0.99999999, 0.999999,
0.99999 respectively in each subfigure.
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